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On Some Difficulties in the Theory of Transfinite Numbers and Order 
Types. B. Eussell. Proceedings of the London Mwthematical So- 
ciety, Series 2, Vol. IV., Part 1. Pp. 29-53. 

This paper, which was suggested by a paper of Dr. Hobson,' aims at 
a generalization of such contradictions as those of Burali Forti' and of 
Eussell* and at the introduction of certain distinctions through which Mr. 
Eussell hopes to be able to overcome the present difficulties in the founda- 
tions of mathematics. 

As to the contradictions, three theories are proposed as ofEering pos- 
sible modes of escape. They are (a) the zigzag theory, (b) the theory of 
limitation of size, (c) the no-classes theory. With each Mr. Eussell also 
presents the difficulties peculiar to it. Thus, the zigzag theory maintains 
that certain complicated functions do not define classes at all, but we do 
not know which do and which do not, and the axioms determining this 
question are very complex. The theory of limitation of size asserts that 
excessive size is what a class must avoid. Where shall we stop? Is w 
illegitimate and are all proper classes finite? And, lastly, the no-classes 
theory takes the extremely radical standpoint that there are no such exist- 
ences as classes, relations and functions. Strangely enough, although 
this view is opposed, as Mr. Eussell says, by common sense, although it 
destroys a great part of Cantor's work, and its working out is so ex- 
tremely complicated that we are not sure it leaves us even enough for 
arithmetic, yet at the end of the paper we find a curious paragraph which 
reads : " From further investigation I now feel hardly any doubt that the 
no-classes theory affords the complete solution of all the difficulties stated 
in the first section of this paper." 

It may be that this note will be justified, but as we read over Mr. Eus- 
sell's statement of the contradictions (§ 1) there seem to be some neg- 
lected aspects of the problem which also point to a solution, simpler and 
more complete than any he has suggested. For example, the words norm, 
property and propositiondl function are used synonymously (p. 30), but 
we shall see that norms do not always stand for properties. Thus the 
contradiction as to cardinals consists in asserting that there is some prop- 
erty such as ' x=^x' common to all entities, and the cardinal number so 
defined must be the greatest of all cardinal numbers. But Cantor has 
proved that there is no greatest cardinal number, hence a contradiction. 
If we accept Aristotle,* however, we can not admit that there is any 
property common to objects denoted by negative norms such as 'X is a 
not-man.' Lotze' is emphatic upon this point. There is, then, no 
property common to all things. The selection here is certainly unfor- 
tunate, for if we interpret ' = ' with Dedekind,' ' x = x' merely means 

' Hobson, Proceedings of the London Mathematical Society, Series 2, Vol. 
III., pp. 170-188. 

' Burali Forti, ' Rendiconti der Circulo Mathematico di Palermo,' 1897. 

' Russell, ' Principles of Mathematics,' Ch. X., also Appendix B, § 500. 

* Aristotle, ' Hermeneutica,' Ch. II. 

sLotze, 'Logic' (Eng. trans.), p. 48. 

' Dedekind, ' Was sind und was soUen die Zahlen,' p. 1. 



PSYCHOLOGY AND SCIENTIFIC METHODS 389 

that we have written twice the name of the thing, and one does not have 
to be even as much of a realist as Mr. Eussell (p. 41) professes to be to 
deny that the number of times the name of an object may be written is 
any property of the object. The fact that all the contradictions make 
use of these negative norms is significant. Such a norm is legitimate 
as a denoting phrase for an aggregate of terms, but because of the fact 
that these terms have no property in common, we can not treat them as 
though there was a corresponding class concept; the class as one does not 
exist. So long as the aggregate is dealt with as a mere denoted extension 
the contradictions do not arise. Hence, although there is no difficulty in 
using norms and prepositional functions as synonymous, some norms do 
not stand for properties. 

Another assumption contained in the development of the contradic- 
tions is that a class may be contained in itself as an element. Schonflies' 
has already objected to this, without, however, making the grounds for his 
objection very forceful. When a class is an aggregate denoted by a nega- 
tive norm the objection is evidently justified, for the class, in the only 
sense in which it could be an element, does not exist. The objection is 
equally justified when the class is defined by a property. In pure mathe- 
matics it is the logical and not the empirical extension of a class which is 
in question; its extension may be obtained from the class concept by log- 
ical division. A class, to be an element of itself, must then be at once 
identical with and different from itself ;' or from a slightly different point 
of view we may say that the judgment ' xex' is particular, and, as 
Schroder" has already pointed out, in the logic of intentions particulars 
are nichtssagende. In previous work also Mr. Eussell has confused log- 
ical and empirical extension, and neglected to exclude the latter from 
pure logic." 

The complete implications of these distinctions are worth developing. 
They free us at least from the generalized type of contradiction given by 
Mr. Eussell (p. 35) and put us in harmony with Cantor's result that there 
is no greatest cardinal number. They also agree with Mr. Eussell's 
statement (p. 36) that there are some classes such that we can never pre- 
tend to collect all their terms, for there will always be a term not in any 
collection we may have made, although the class is merely simply infinite. 
This fact seems to me more significant for the theory of the transfinite 
than Mr. Eussell appears to observe. 

The last part of Mr. Eussell's paper is devoted to a discussion of the 
axiom on which depends Zermelo's proof" that every class can be well 
ordered, and the related multiplicative axiom. The problem is to prove 
the existence of a norm by which we can pick out one term from each 

' ScMnflies, Jahresbericht der Deutchen Mathematiker-Vereinigung, Bd. 15, 
January, 1906. 

* Cf. SchSnflies, loc. cit. 

' Schroder, ' Algebra der Logik,' Bd. 1, p. 100. 

" Cf. Remarks as to extension of class ' men ' and ' featherless biped,' 
' Principles of Mathematics,' § 24. 

" Mathematisehe Annalen, Bd. 59, pp. 514-516. 
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class in any class of classes. On the validity of these axioms depends 
the possibility of proving the identity of inductive and finite numbers 
and of establishing the laws of addition, multiplication and exponenta- 
tion. They may be true only under certain conditions not yet defined; 
and with respect to transfinite classes, they are especially under a cloud, the 
lightening of which, we believe, will come from some such logical consid- 
erations as have here been suggested. 

Harold Chapman Brown. 
Hakvabd Univbbsity. 
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